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Introduction 
This paper explores the model theory of abelian group rings over fields of 
characteristic zero. Working entirely within the language of tings we treat the 
following three problems: 
I. When does the theory of K determine the theory of K[G]? 
II. When does the theory of G determine the theory of K[G]? 
III. When does the theory of K[G] determine the theory of G? 
The study of these questions separates naturally into three cases: 
The study of K[G] for: 
(a) G -torsion free abelian, 
(b) G -torsion abelian, 
(c) G -mixed abelian. 
The major result in our study of torsion free abelian group rings is that the 
transcendence degree of the base field is definable within the language of rings. 
From this we deduce 
Theorem. Let K and F be two fields of characteristic zero with 
t.d.(K/Q) # t.d.(F/Q). If G is torsion free abelian, then K[G]fF[G]. 
Thus torsion free abelian group rings behave rather badly when, for lixed G, 
the base field is replaced by an elementarily equivalent field. The same can be said 
in the case where the base field is kept constant but the group is changed. More 
precisely, we show that @Z] + @Z*], where * denotes a nonprincipal ultrapower 
on N. 
The final question we consider about such group rings does, however, have an 
affirmative answer. We show algebraically that K[G]=K[Hj implies G*=:H* 
(for some ultrapower) and conclude 
Theorem. Let K[G] and K[IIJ be two elementarily equivalent torsion free abelian 
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group rings over a field of characteristic zero. Then G is elementarily equivalent to 
H. 
Our investigation of torsion and mixed abelian group rings leads us to introduce 
three classes of fields: 
Definition. For a fixed abelian group G, we say that a field K is: 
(a) G-complete: if K contains a primitive n-th root of unity when G has an 
element of order n. 
(b) G-large: if K has a finite algebraic extension which is G-complete. 
(c) G-small: otherwise. 
One of our major results about torsion abelian group rings is: 
Theorem. If G is torsion abelian and if K is a G-large field of characteristic zero, 
then 
K=F ifJ K[G]=F[G]. 
To prove this theorem we first consider countable G and represent K[G] as 
G(x~ L; -G Li)iSn -the ring of continuous functions from a Boolean space X to a 
field L whose values on Xi E X lie in subfields I.+ c L. This enables us to study the 
first-order relationship between K and K[G] and derive the results. 
For uncountable G we embed both group rings in a Boolean valued extension 
of set theory and choose B to be a complete Boolean algebra such that V@) 
satisfies the condition that the group is countable and the two fields are large over 
it. The result then follows from the previous case. 
Now the analogous result over G-small fields is in general not true. Indeed, let 
P denote the set of rational primes, t+, the multiplicative group of all p”-th roots 
of unity, CL the group of all roots of unity, fU* the one point compactification of N 
with w the point at infinity. We then prove: 
Theorem. If Q” denotes a nonprincipal ultrapower of the rational field Q and Z,- 
the Priifer p-group, then 
Over G-complete fields we show that the groups may be changed. 
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Theorem. Let G be a torsion abelian group and let K be a G-complete field of 
characteristic zero. Then K[G]=K[H] ifi K is H-complete, H is torsion abelian 
and both groups have the same number of elements. 
Thus it is possible to have G+ H and yet K[G]= K[H]. In fact our techniques 
developed here show that one can have infinite groups G and H with Gf H and 
K[G] = K[H]: for example C[&=] = C[h3-]. 
Finally, in our study of mixed abelian group rings we give a representation of 
K[G] as r(X, lJ K>[G/T]) - a ring of global sections on a sheaf of twisted group 
rings over a Boolean space X. Over a G-complete field K whose group of roots of 
unity is divisible (called G-divisibly complete) we obtain the nicer representation 
of K[G] as C(X, K[G/T]) and prove that the theory of K[G] depends on the 
theory of K[G/T] and the number of elements of T. From our work on the other 
two classes of group rings we have: 
Theorem. Let G be an arbitrary abelian group and K a G-divisibly complete field 
of characteristic zero with t.d.(K/Q)<m. Then the theory of K[G] is completely 
determined by the theory of K ifl G is torsion. 
In organizing this paper I have listed results (theorems, lemmas, etc.) by 
two-digit numbers, the first being the section number. Reference to a result stated 
in the same chapter is given by two digits and reference to results from other 
chapters is given by three digits, the first being the chapter number. 
Finally, I wish to extend my deep appreciation to Z. Chatzidakis, A. Macintyre, 
R. Mansfield, S. Simpson, L. Van den Dries and A. Wilkie for many profitable 
discussions at various points in this research. 
Chapter 1. Prelimiuary Results 
1. Group rings 
Let K be a field and let G be a multiplicative group. The group ring K[G] is 
defined to be an associative K-algebra with the elements of G as basis. Multipli- 
cation is defined distributively using the group multiplication of G. 
Letting (Y = C ox, we define the support of CY, denoted Supp (Y, to be {x E 
G 1 a, # O}. The supporting subgroup of (Y, denoted (Supp a), is the finitely 
generated subgroup of G generated by the elements of Supp (Y. 
Suppose that I-I is a subgroup of G. By identifying g E G with 1. g E K[G] we 
get G E K[G]. Since H c G, the K-linear span of H in K[G] is K[Hj. 
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2. General model-theoretic results about group rings 
Let K[G] be given with K a field of characteristic p 20. Let D denote an 
ultrafilter on an index set I and * its associated ultrapower functor. From K[G] 
one can then pass to K[G]* (the ultrapower of K[G]) and K*[G*] (the group 
ring of the group G” over the field K”). The relationship between K[G] and 
these two structures is the following: 
Theorem 2.1. There exists an injection of K*[G*] into K[G]* making the follow- 
ing diagram commute: 
K[G]iK*[G*] 
AI / 
HGI” 
Proof. For notational convenience we assume that our index set is N and define 
the maps as follows: 
i:C r,g -+ C [rp, rRT . . .Ik, g, . . .I, 
A : c rgg + [c w,c r,g, . . .I, 
h : I$ [cl, rm . . *I[gi,, gi2, 
i=l 
. . -I+ [ 2 rilgil, 2 ri2gi2,. . .I. 
i=l i=l 
Using these definitions, the remainder is straightforward. 
Corollary 2.2. Suppose G is a finite group. Then K[G]* = K*[G]. 
Proof. It is straightforward to see that G” = G. Thus, h : K*[G*] + K[G] is onto. 
From this we have 
Theorem 2.3. If G is a finite group and if K and Fare two elementarily equivalent 
fields, then K[G]= F[G]. 
Proof. By the Keisler-Shelah theorem there exists * such that K* = F*. Extend- 
ing this isomorphism to be the identity on G we get K*[G]=p[G]. The result 
follows using Corollary 2.2. 
It will be shown in the next chapter that there exists K=F with K[G]+ F[G] 
for some infinite G. So Theorem 2.3 is not true in general. If, however, we replace 
the notion of elementary equivalence with that of existentially closed, then we do 
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get a general result, namely: 
Theorem 2.4. Suppose K is existentially closed in F and G is existentially closed in 
H. Then K[G] is existentially closed in F[H]. 
Proof. To simplify notation we denote an ultrapower n A/% by n, A. Since K is 
existentially closed in F and G is existentially closed in H, we can find ultrafilters 
D and E on index sets I and J, respectively, so that the following diagrams 
commute: 
(a) K 4 F (b) G C-H 
A 11 A 19 ILK l&G 
Using the fact that JJr, (& K[G])=bxu (K[G]) we therefore obtain the follow- 
ing commutative diagram: 
K[Gl c- FWI 
A 1 I 
llmE WGI) 
Hence by Robinson’s test we obtain the desired conclusion. 
We now shift our attention to finding a class of fields X with the property that if 
F and K are in X and if G is any group, then K[G]=F[G]. A back and forth 
argument will enable us to do this as outlined in [5] or [4]. 
Theorem 2.5. Let X, (~30) denote the class of algebraically closed fields of 
characteristic p having infinite transcendence degree over their prime subfield. For 
any F, Kin X, and any group G, we have K[G]=F[G] (in fact, K[G]=,,,F[G]). 
Proof. See [4, p. 791. 
Chapter 2. Torsion Free Abelian Group Rings 
1. Algebraic preliiaries 
In this chapter we study the first-order theory of K[G] for 
(1) G a torsion-free abelian group and 
(2) K a field of characteristic zero. 
Convention. All of our work will take place in 3 = {+, -, 0, 1) the language of 
rings with identity. 
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The study of such group rings will separate naturally into two cases: 
(1) G-finitely generated, 
(2) G-arbitrary. 
We will connect the two cases by means of a projection map. 
Definition. Let H be a subgroup of G. We define the projection map 
rr, : K[G] --, K[H] by 
We now list some properties which will be needed later. 
Lemma 1.1. Let H be a subgroup of G and let (Y, p E K[G], y E K[H]. 
(1) n&a + bP) = a&(a) + b&(P) (a, b E K). 
(2) &r(F) = y&r(a), &I (W) = &I (a)r. 
Proof. See [S, p. 61. 
Let us now consider K[G] for finitely generated torsion free abelian groups G. 
By the fundamental theorem of abelian groups, G = nE, (T,), the direct product 
of N infinite cyclic groups. Since each element of G is uniquely of the form 
TJ;I . . . Tp, it is easy to see that 
W-1,. . . > T,]sK[G]~K(T,, . . . , T,,) 
where K[T,, . . . , TN] (resp. K(T,, . . . , TN)) is the polynomial ring (resp. rational 
function field) in N variables over K. To achieve this, we merely realize that we 
can identify K[G] with K[T,, T;l,. . . , TN, TN’] - the finite Laurent polynomial 
ring in N variables over K. Thus, we may view each (Y E K[G] as (Y = 
p(T1,. . . , T,)/Tp . . * Th with p E K[T,, . . . , TN] and (iI,. . . , iN) eNN. 
Let us now record some facts about such group rings. 
Lemma 1.2. If G is a finitely generated torsion free abelian group and K a field of 
characteristic zero, then K[G] is a unique factorization domain. 
Proof. By the preceding remarks, K[G] is a domain. Furthermore, every CY = 
p(T,,...,T,)/T’;‘... Tj.$ in K[G] has (up to a unit) a unique factorization 
because any non-trivial factorization of ar induces a non-trivial one of 
PO-I,. . . , T,,) in K[T,, . . . , T,]. 
Lemma 1.3. For each m EE\{O} and a, p, h E K\(O) with a# p, we have AT”’ +CY 
is relatively prime to AT”’ + @ in K[G]. 
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Proof. Suppose XE K[G] divides both elements. Then it divides their difference 
a-P and so X is a unit. 
Lemma 1.4. Let K be a field of characteristic zero. The units of K[G], written 
%K[G], are tivial. That is, %K[G] = {Ah : h E K\(O), f~ G}. In fact, this is true for 
every torsion free abelian group G. 
Proof. See [8, p. 5911. 
2. Changing the base field 
In this section we show that if G is a torsion free abelian group and if K is a 
field of characteristic zero, then the theory of K[G] does not depend solely on the 
theory of K. By defining the transcendence degree of K over the rational field Q 
as 
t.d.(K/Q)= nY n E” 
00, otherwise, 
we are able to prove 
Theorem 2.1. Let G be a torsion free abelian group and let K and F be two fields 
with t.d.(K/Q) # t.d.(F/Q). Then K[G] f F[ G]. 
The proof of this theorem relies on the following lemmas. 
Lemma 2.2. Let K be a field of characteristic zero and let G be a torsion free 
abelian group. In the group ring K[G], the following are definable by 2?-formulas: 
(i) The base field K. 
(ii) The natural numbers N and hence the rational field Q. 
Proof. (i) By Lemma 1.4 we have 
CEK iff {c=Ovc=lv(c-l~(c-l)-l exist)}. 
(ii) Case 1: G-finitely generated. Let N(x) denote the statement 
N(x) = (x E K) A 31, y {(I is invertible) A (I$ K) A (y # 0) 
A(~~~)A(~cE~((~+c)~~+(~+c+~))~vc+~=x)}. 
It is easily seen that h EN \{O} iff K[G]CN(h). Indeed, if A E IV \{O}, let I = TI and 
set y=(T,-1). . . (T,-(h- 1)). Conversely, if h$N\{O} and K[G]kN(h), then 
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some y E K[G]\{O} is divisible by I+ n for each n EN\(O), where I is some 
nonscalar unit. This however, contradicts Lemma 1.2. 
Case 2: G-arbitrary. The same formula N(x) works in this case also. Clearly, if 
AEN\\( we can fix gEG\{l} and set y=(g-l).*.(g-(A-1)). Conversely, 
suppose K[G]bN(A). Fix I and y occurring in the statement N(x) such that 
K[G]bN(X) and consider the finitely generated torsion free abelian group 
H = (Supp I, Supp y). Since K[G]bN(A), we know at least that A E K. 
Apply LI, : K[G] + K[H]. By Lemma 1.1 we conclude 
(i) &(A) = A, 
(ii) 17,(y) = Y, 
(iii) n,(l+c)=~,(I)+17,(c)=I+c (cEK). 
Furthermore, if (I+ c) ( y, then there exists z E K[G] satisfying (I+ c)z = y. By 
property (2) of Lemma 1.1 we have 
LlH((1-t c)z) = (I+c)Il,(z) = I&(y) = y 
and thus (I+c) divides y in K[H]. Therefore, if K[G]l=N(A) then K[H]!=N(A) 
and by Case 1, A EN . From this, it is straightforward to give an Z-definition of Q 
inside K[G]. 
We now extend this to: 
Lemma 2.3. Suppose 9’ is the language obtained by adjoining finitely many 
parameters from K. lf a subfield L g K is definable by an Z’-formula (p=(x) inside 
KEG] and if (Y E K is not algebraic over L, then L(cY) is definable by an 9 U {a}- 
formula inside K[G]. 
Proof. Case 1: G-finitely generated. Let 
M=((Y, x>-cp,(x)v(x~Kr\31, y ((I invertible) 
A (I$ K) A (y # 0) A (y noninvertible) 
r\(I+l)]yr\(Vc~K(I+c))y*3dcp~(d) 
r,(~+(ca!+d))Iyvx=c))). 
Let Mon(L[cy]) denote the set of all manic polynomials in (Y of nonzero degree 
with coefficients in L. 
Claim. K[G]kM,(a, p) ifl p EMon(L[a])lJL. 
Proof of Claim. Suppose /3 l Mon(L[a]) U L. If p EL, then K[G]i=M,(a, /3). So, 
we suppose we are in the other case and that /3 = o”’ + q,,-lam-l +. . . + q0 with 
m >O and qi EL. Let I= T1 and set 
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Conversely, suppose @$Mon(L[a])UL and K[G]l=M,(a, p). Then p#L; so 
there exist an I and y in K[G] with the right properties so that K[G]t= 
(I+ 1) ) y. Since 1 E K, either there exists d E L and K[G]l=(I+ (Y + d) ) y or p = 1. 
Since we are assuming p $ L U Mon(L[cy]) the former condition must hold. Now, 
for any d E L, 1 # cy + d and so, by Lemma 1.3, (I+ 1) and (I+ (a! + d)) are 
relatively prime in K[G]. In general, say we have I+f(cx) with f(a) E Mon(L[a]). 
Then for every d E L, f(cx)a + d # f(a), else f(a)(l- a) = d and so (Y is algebraic 
over L-contradicting the hypothesis of this lemma. 
Thus, if p & Mon(L[cx]) U L, then there exist infinitely many distinct ei E K with 
(I+e,) 1 y in K[G]. But, by Lemma 1.3, (I+e,) is relatively prime to (I+e,) for 
i # j and this contradicts Lemma 1.2 
Case 2: G - arbitrary. Let ML(a, x) be as in Case 1. 
Claim. K[G]l=M,(a, p) ifl p E Mon(L[cx]) U L. 
Proof of Claim. By a similar argument to the one used in Case 1 we see 
p E Mon(L[a]) U L implies K[G]t=M,(a, @). 
Conversely, suppose K[G]!=M,(a, @) for some p EK[G]. If K[G]l=(p,(@), then 
/3 E L and so we suppose that we are in the other case. Fix I and y occurring in 
ML(cz, x) such that K[G] kML(cx, B) and consider the finitely generated torsion 
free abelian group H = (Supp I, Supp y). Apply II, : K[G] + K[H] to &&(a, p). 
Just as in Lemma 2.2 (Case 2) we see that /3 is in Mon(L[a]) U(1) and so the 
claim is proved. 
Note. We have not shown K[H]i=M,(a, p) because the formula (pL(x) may not 
define L in K[H]. 
Now, let p E L(a). It is expressible as 
P= 
a&x” + a_lan-l+ - * * + a, 
bmam+b,_lam-l+* * *+b, 
with pi E Mon(L[a]). 
Since, by assumption, L is definable in K[G] we see immediately that L(a) is 
definable by an .Y’U{a}-formula in K[G]. 
Lemma 2.4. If a subfield L E K is definable in K[G] by an 3-formula q&,x) (wit/t,,, 
possibly finitely many parameters), then so is E ~IK. 
Proof. Again we consider two cases and show the following: 
cll~if~K iff K[G]l=+(a) 
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$(x) ~((3 invertible I) A (16 K) A (x E K) A [((pr(x)) 
v(~f#O,g#O(Cf=(~-x)g)~~~cp,(0+(f#~~g#~ 
AVa (cp~(a)Aa#O)~(3b,b’(cp,(b)A~~(b’)Ab’#O) 
~(3p#O,p’#Of=b+(I-a)pr\g=b’+(l-a)p’))]}. 
Case 1: G - finitely generated (i.e. G =flE, (r)). Suppose cy E z n K. Let I = 
Tl and take ~EL[TJ\{O} with f(a)=O. Conversely, suppose K[G]~+((Y) and 
CX$ L. Fix I, f and g occurring in qQ(x) so that K[G]I=I/J(~). The condition on I 
(being an invertible element not in K) implies that I = d(Tyl - * - Tp) for some 
(ml,. . . , rnN>E.ZN\(O,. . . , 0) and d E K\(O). We may assume that the elements 
of G have been ordered so that m, # 0. Therefore, 
f = ((dT,“l . . . TNm”) - a)g = ((dTI”l)T,“z . . . T?) - a)g. 
Since K[G] g k[G], we may rewrite f as 
f = ((cTl)“‘~T2m, . . . T,““) - cx)g 
where cm,= d and f is now viewed as an element of &[G]. There exists an 
isomorphism cr : K[G] s I?[G] sending 
(9 
(ii) 
(iii) 
Since u 
TI + ( ) ‘T, , C
Ti -+ Ti (if 0, 
C Cgi + C rjhi>. 
is the identity on &, we have 
a(f) = ((T;“l . . . T?) - c.r)c+(g) 
and VacL\{0}3b, b’EL, b’#O with 
a(f) = b + ((Tyl * * - Tp) - a)c+(p), 
a(g) = b’+ ((T;“l - . . Tp) - a)a(p’). 
So we see that if K[G]k+(a), then there exist F, GE~[G]\{O} such that 
(i) F= ((T;"l . . . Tp)-a)G, 
(ii) VacL\{O}3bEL 3P#O in I?[G] with F= b+((T;“l.. . T?)-a)P, 
(iii) Va E L\(O) 3b’E L\(O) 3P’f 0 in B[G] with 
G = b'+((T,"l * - - TNm,)-a)P’. 
Definition. Let S E LN denote S = {(x, 1, . . . , 1) 1 x EL \{O}}, i.e., S is the set of 
vectors whose first coordinate is a nonzero element of L and whose remaining 
coordinates have the value 1. 
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We now view F and G as rational functions of T,, . . . , TN defined on S. 
Claim. (i) Range(F) c L, 
(ii) Range(G) c L \{O}. 
Proof of Claim. (i) Fix ii0 = (ao, 1, . . . , 1) E S and suppose a;~ = a EL. We know 
that 3b E L, 3Pf 0 in K[G] such that 
F=b+((T;“l - +. Tp)-a)P. 
Thus F(d,) = b. 
(ii) Just as in (i), and the claim is proved. 
From now on we work exclusively with F. We first begin by rewriting F as 
F = H(T1, . . . , T,)IQ(T,, . . . , TN) 
where 
(i) Q(T,, . . . , TN) = Tile - * T> for some (sl, . . . , s,) E NN, 
(ii) H(T1,. . . , TN)EK[T~, . . . , TN], 
(iii) Q(T,, . . . , TN)YH(TI,. . . , TN) in K[T,, . . . , TN]. 
We next consider F(T,, 1, . . . , 1) = H(T1, 1, . . . , l)/Q(T,, 1, . . . , 1). As a quo- 
tient of two elements from k[TJ we cancel out common factors and thus assume 
(i) QVl, I,..., 1) = Til for some s1 20, 
(ii) TilYH(T1, 1,. . . , 1) in K[T,]. 
For notational convenience, let us write F(T1, 1, . . . , 1) as H(T,)/T”l. Clearly, 
H(T,)/T"l : L \{O} + L and so H(TJ : L \{O} -+ L 
Ckxim. H(T,) E L[T,]\ L. 
Proof of Claim. If H(T,) = 0, then Lemma 1.2 and the fact that (T,“l-a) # 0 
imply G(T,, 1, . . . , 1) = 0. But, by the previous claim, we know 
G(T,, Tz, . . . , TN) : S + L \ {0}, a contradiction. 
Similarly, H(T,) cannot identically be equal to a nonzero element of k. For, if 
so, then 
0 # F(cx”“1, 1,. . . , 1) = (((~“~,)~,-a!)G(al’~,, 1,. 
Therefore H(TJ E k[TJ \ k and so we can express it as 
H(T,) = b,+ b,T,+. **+b,T; with b,#O,bisk. 
Choose, now, r + 1 distinct elements oi EL \{O} and let 
this out in matrix form yields 
. 9 1) = 0. 
H(q) = qi E L. Writing 
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The determinant of the coefficient matrix is the Vandermonde. It is nonzero by 
the choice of vi,. . . , qil and hence by Cramer’s rule all the bi are in L. 
Therefore, H(TJ E L[T,]\ L, and the claim is proved. 
To finish the proof of Case 1, we recall F(o”“‘l, 1,. . . , 1) = 0. Therefore, 
H(a *““I) = 0 and so CX”~ MEL and thus a~inK. 
Case 2: G - arbitrary. Suppose (Y E L n K. Let I = T E G be a nonidentity group 
element. Let f~ L[T] such that f(a) = 0. 
Conversely, suppose K[G]!= $(a>. Let H = (Supp I, Supp f, Supp g) and con- 
sider Kl, applied to $(a). We have the following: 
(i) &(f)=f=MI-~)IMg)=(I-o)g, 
(ii) n,(f)=f=rr,(b+(I-a)p)=IT,(b)+17,(1-a)17,(p) 
= b + (I- a&(p), 
(iii) 17,(g) = g = b’+ (I- a)&(~‘). 
Because g and f are assumed to be nonconstant, we must have IT,(p) and &(p’) 
nonzero. Hence, in K[H] 
(9 f= (I-a)g, 
(ii) Vail 3beI. 3pfO in K[H] f=b+(I-a)p, 
(iii) Vu~L,3b’~L\{0}3p’#O in K[H] g=b’+(I-a)p’. 
Again as in Lemma 2.3 we are not implying that K[H]!=+(a) because in K[H], 
(pL(x) may not define L. 
Proof of Theorem 2.1. For each integer m EN there exists (by Lemma 2.3) an 
Y-formula R,(xl, . . . , x,, y,) such that for any group ring K[G], if (or, . . . , CY, 
are in K with al$dnK, CY~~(Q(LYJ)-~K,. . . ,q,,&(Q(a,, . . . ,a,-J)“nK, then 
{y, E K[G]: K[G]l=R,(a,, . . . , OL,, y,)}=Q(cyl,. . . , a,). Notice that there is an 
Z-formula R,(y,) with the property that for every group ring K[G], {y,,~ 
K[G]: K[G]k R,(y,)} = Q. 
Also, given an integer m EN, we can then form by Lemma 2.4 an JZ-formula 
A,,,(x,, . . . x ,,,. w,) such that for any group ring K[G], if a,, . . . , a,,, are ele- 
ments of K with a1 $ d n K, CQ 6 (Q(cY,>)- rl K, . . . , A,,, $ (Q(au,, . . . , CX,_,>>- n K, 
then 
{w,,, E K[G]: K[G]kA,(a,, . . . , a,, w,,,)} = (Q(a,, . . . , a,)>- r-IK. 
Notice that there is an Z-formula A,(w,) with the property that for every group 
ring K[G], {w,EK[G]:K[G]~A~(w,)}=~~~K. Now, for every integer me 
N\(O) let 7/m be the Y-sentence 
Ym”3X1,..., x, ~&(X,)A~A,(X,, XZ)A. . .A~A,-~CX~, . . . ,x,) 
AVy (y =Ovy = lv(yP1 exists/\ (y-1)-l exists)) 
+ A,,(xl, . . . , x,,,, Y>>, 
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and for m = 0 let y0 be the Z-sentence 
y0 =Vy (y = 0 v y = 1 v (y-’ exists A (y - 1)-l exists)) + A,(y)). 
From the preceding definitions of the pi it is obvious that K[G] != yrn iff 
t.d.(K/Q) = m, and the theorem follows. 
2.3. Changing the group 
Suppose G and H are torsion free abelian groups with K a field of characteris- 
tic zero. It is known [8, p. 6751 that 
K[G]=K[H] iff G=H. 
Using the essential idea of this proof, we show 
Theorem 3.1. If K[G]= K[H], as rings, then G = H. 
(Note. Theorem 3.3 will show that the converse is false.) 
Before proceeding with the proof of Theorem 3.1, we pause for a definition. 
Definition. Let K be a field and let G be a group. The K-linear homomorphism 
h : K[G] + K[G/G] defined by h(C ox) = 1 a, is called the augmentation map. 
Proof of Theorem 3.1. Suppose K[G]= K[H]. By the Keisler-Shelah theorem 
there exists * such that K[G]* =K[H]* via the ring-isomorphism cp, say. Thus, 
cp : % (K[G]*) * % (K[H]*) and cp : K” = +. KM since each is first-order definable. 
Furthermore, by Lemma 1.4 we have 
(i) %(K[G]*) = %(K*[G*]) = {kg : k E K*\(O), g E G*}, 
(ii) %(K[H]*) = %(K*[H*]) = {kh : k E K*\(O), h E H”}. 
Let h : K*[G*] * K” bl the K*-linear augmentation map and define 
oU,(K*[G*]) = {u E %(K*[G*]) : h(u) = l}, 
’ QA(K*[H*]) = {u E K*[H*]: A&-l(u)) = 1). 
Note ~P(%~(K*[G*I)) = qk(K*[H*]) and so %,(K*[G*]) =(?&(K*[H*]). 
A straightforward argument shows that the map 
A : H” --, “u,(K*[H*]) 
given by A(h) = cp(A(q-l(h))-‘)h is an isomorphism of groups. 
From this we conclude 
G*~~,(K*[G*])~Q,(K*[H*])~- 
and so H* = G*. Therefore, G = H. 
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Theorem 3.2. Let D be a nonprincipal ultrafilter on N. Then 
yysz* and 6Q] + f&Z*]. 
Proof. Consider the following Z-sentence: 
cp -Vf noninvertible 31 invertible nonscalar 3p # 0 
3a nonzero scalar such that f = (I-cx)p. 
Indeed, b[Z] (as was noted in Section 1) is isomorphic to the finite Laurent 
polynomial ring in one variable and thus every element can be written as p(T)/T’ 
with p(T) E @T] and i EN. Since d is algebraically closed, the assertion follows 
immediately. 
(ii) Q&Z*] V cp. 
We will exhibit an element of b[Z*] which does not satisfy the condition 
imposed upon it by cp. Define f E~$Z*] as 
f = [T*, T3, T5,. . .]-[T, T,. . .]-[l, 1,. . .] 
where f(i) = TPt - T- 1 and where pi is the i-th prime. 
(Note. We will identify @Z*] with its image in 6&Z]* under the map h given in 
Corollary 1.3.2.) 
Suppose f = (I--cy)B with 0 a nonzero element of 6[Z*], a a nonzero scalar, 
and I an invertible nonscalar. By Lemma 1.4, I has the form A[T’l, Tiz, . . .], 
where AE~\{O} and {j:iiEZ\{O}}ED. 
By replacing (if necessary) (Y and p by A/a and -cup[T’l, P2, . . .], respectively, 
we may assume I has the form [T’l, Ti2, . . .] with .I = G : ii E fV \{O}} E D. 
For each prime p EN, TP - T - 1 is irreducible over Q. Fix j E J. We have 
f(j) = PI - T- 1 = (T’l - (y)@(j) with ii > 0. (Clearly, we may assume p(j) is non- 
zero.) For notational convenience, let us rewrite f(j) as (7”’ - cy)p(j), for some 
n EN\(O). 
As a result, we see that a1’n is a root of f(j). Toward a contradiction, we 
consider two cases: 
Case 1: a$ Q. Because f(j) is irreducible over Q, and since al” is a root of this 
polynomial, we conclude [Q(or”“) : CD] = pi. But, Q(ol) E Q(ol”“) and so [Q(a) : CD] 
divides [Q(cu l”‘) : Q]. Thus, [Q(a) : Q] = pi. But, this cannot happen for more than 
one prime. 
Case 2: (Y EQ. Since 7”’ -(Y is in Q[T], we get @(j)E6[T]nQ(T) = O[T]. This, 
however, implies that f(j) has a nontrivial factorization over Q. 
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Chapter 3. Torsion and Mixed Abelian Group Rings 
1. Algebraic preliminaries 
In this chapter our investigation of the elementary theory of K[G] will be based 
on the theory of sheaves. There are various definitions of a sheaf which one can 
use. We take ours from Pierce [9]. Let R be a commutative ring with identity. 
Attached to R is the Boolean algebra of idempotents %3(R), where the operations 
are defined as 
(9 e,ve,=e,+e,-e,e,, 
(ii) e, A e2 = e1e2, 
and where the complement of e in 3 (R) is 1 - e and e 6 f e ef = e. 
Definition. A subset J< $33 (R) is said to be an ideal if and only if 
(i) el,e2EJ j elve2EJ, 
(ii) eEJandf<e 3 fgJ. 
Definition. For every ideal J s 93 (R) we define .i = {re : r E R, e E J}. 
Note. .i is an ideal of R. 
Definition. Spec S%(R) will denote the set of maximal ideals of %9(R). 
Definition. For each e E 93(R) define tTe = {p E Spec 3(R): e$ p} and set 3’(R) = 
{fTe : e E .93(R)}. 
Lemma 1.1. The map e + Oe is an isomorphism between the partially ordered sets 
(‘28(R), 4 and (W(R), c). 
Proof. Straightforward. 
Lemma 1.2. C%(R) and S’(R) are isomorphic as Boolean algebras under the 
identijication e +- Sk. 
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Theorem 1.3. Let R be a commutative ring with identity. ‘Then Spec 3(R) can be 
made into a Boolean space (i.e. a totally disconnected compact Hausdofl space) 
having as basis the clopen sets 9’(R). 
Proof (Sketch). Define for each A E Spec 93(R), 
cl(A)={MESpec93(R):MznA}. 
One verifies that the operator cl obeys the closure axioms: 
(i) clpl=!& 
(ii) clA zA, 
(iii) cl(c1 A) = cl A, 
(iv) cl(A U B) = cl A + cl B. 
We now apply the standard procedure of saying that the closed sets are those 
invariant under the closure operator and open sets are complements of closed 
sets. 
To finish the proof we will only show that %3’(R) coincides exactly with the 
clopen sets under this topology. The remainder is straightforward and the reader 
is referred to [2, p. 991. 
Let A cSpecB(R) and assume A#Qe for all ee93(R). Then for each eE 
92(R) there exist pe, qe EA with e E pe, e$q,. Hence, npGA p = $!I and cl A = 
Spec B(R) = 6, # A. Furthermore, any ME Spec 8 (R) with M 2 nPEo, p contains 
l-e because p~6’~ 3 e$p 3 1-eEp. Thus, e$M and ME~‘~. 
Definition. Let X be a topological space. Suppose that for each x E X, a ring Rx 
with 0, and 1, is given. Assume Rx n R, = $3 for x # y. Let $3 = u R, and denote 
by n : $3 +X the projection I = x if r E Rx. Assume that a topology on 3 
exists satisfying the following: 
(i) If r E 552, there exists open sets 011 in ‘3 with r E % and N c X s.t. rr maps %!L 
homeomorphically onto N. 
(ii) Let 3 +% denote {(r, s): m(r) = n(s)} with the topology induced by the 
product topology on % x ‘3. Then the mapping r + -r is continuous on $3 to 3 
and the mappings (r, s) -+ r + s and (r, s) ---, rs are continuous from 3 + !3? to a. 
(iii) The mapping x -+ 1, is continuous on X to 6%. 
With these conditions, .3 is said to be a sheaf of rings over X. The rings R, are 
called the stalks of the sheaf 3 and the pair (X, 3) is called a ringed space. 
Definition. Let 5% be a sheaf of rings of X and let YE X A section of 3 over Y 
is a continuous mapping cr : Y + C-3? satisfying n(a(y)) = y for all y E Y. The set of 
all sections of 5% over Y is denoted by r( Y, 3). When Y = X, T(X, $53) is called 
the ring of global sections of %. 
Theorem 1.4 (Pierce). Let R be a commutative ring with identity. For r E R and 
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ME Spec 9 (R) let a,(M) be the image of r under the canonical map R + RIM and 
set X(R) = Spec 93 (R) and ‘92(R) F &EX(R) R/u. Then, with the topology deter- 
mined by an open basis consisting of {~~(O~)}rER,ec~S(Rj, the mapping r + a, is a 
ring isomorphism of R onto T(X(R), B(R)). 
Now let R be an arbitrary commutative ring with identity. Theorem 1.3 shows 
us that Spec 93(R) can be made into a Boolean space. In virtually the same 
manner one can make the set Spec R of prime ideals of R into a compact 
topological space by defining for each .~4 G Spec R 
(see [l]). However Spec R need not be Hausdorff. Under more restrictive 
assumptions on R one finds that Spec R and Spec 5% (R) are essentially the same. 
Definition. A regular ring is a ring satisfying the condition 
VCYER ~@ER C@CY=CY. 
Theorem 1.5. Let R be a commutative regular ring with identity. If Spec R is given 
the above topology, then the map P + P II 99 (R) is a homeomorphism of Spec R 
onto Spec 93(R). Thus, every prime ideal in such a ring is completely determined by 
the idempotents it contains. 
Proof. Straightforward. 
2. Model-theoretic preliminaries 
In this section we will give some theorems pertaining to the model theory of 
rings of global sections. Because we are only interested in commutative rings with 
identity, we will not present these theorems in their total generality. 
Convention. Commutative ring means ring with identity. 
Let Z=(+, ., 0,l) be the language of rings with identity and suppose 
P(X, lj Y,.) is a ring of global sections on a sheaf of Z’-structures over a Boolean 
space X. To the base space we associate 9?(X), the Boolean algebra of clopen 
subsets. 
Definition. Suppose cp(%) is an .Z-formula with free variables X = x1, . . . , q. We 
define for each sequence (T of P(X, lj Yx), 
[&?)ll= {x E X : 9, b cp (a(x)>}. 
Lemma 2.1. Let R be a commutative regular ring and suppose R = T(X, u 9,). If 
q(T) is an open %?-formula, then for every or E T(X, Ir) .Yx) we have [q(a>]~ 
B(X). 
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Proof. Suppose that p(X) = f(Z) = 0. For each 6 E T(X, u 9,) there exists a 
sequence r E R such that r + 6 under the isomorphism R + r(X, u 9,). By 
regularity we can find an idempotent e E 3(R) with Qfcf, = Q. Then, f(5) is zero 
on 0’_, and nonzero on 6’c. Since 9(X) is closed under Boolean combinations, 
the result holds for general open Z-formulas. 
Remark. It is not true in general that in a commutative regular ring if cp is any 
Z’-formula, then I[cp(a)jj~ 9(X>. Comer [3] studied the model theory of 
T(X, lj 9’J when every ~-formula is true on clopen subsets; this condition is 
known as condition (C). 
Theorem 2.2 (Comer). Let R = r(X, k_l 9,) and S = r(X, kJ 9.J be two commuta- 
tive rings satisfying condition (C). If 9X = .2Fx (x E X), then R = S. 
Theorem 2.3 (Comer). Let R = T(X, kJ 9,) and S = r( Y, kJ %,,) be two commuta- 
tive rings satisfying condition (C). If 
(9 93(X)=9(Y), and 
(ii) s,-LPy (XEX,YEY), 
then R = S. 
The question arising naturally from all of this is which r(X, lj 9,) satisfy 
condition (C)? The answer (of interest to us later) is when 
r(X, IrJ 9,) = C(X, R) -the ring of continuous functions from a Boolean space X 
to a commuative ring R. Indeed, this follows easily from the fact that elements of 
C(X, R) are locally constant. 
S. Burris has indicated to us that an extension of Theorem 2.3 is implicit in the 
work of Comer [3, Theorem 1.11. It concerns C(X, R : Xi, Ri)is, - the ring of 
continuous functions from a Boolean space X to a commutative ring R which on 
closed subsets Xi c X (i = 1, . . . , n) take values in R. 
Definition. Let X be a Boolean space and Y a closed subset of X. We define 
I(Y)={O:O‘E~(X) and o‘nY=@}. 
Remark. I(Y) is an ideal of 93(X>. 
Theorem 2.4 (Comer). Let R = C(X, K; Xi, Ki)iG,, and S = C(Y, L; Yi, Li)i6,, be 
two commutative rings. If 
(i) Th(K; ICI,. . . , K,,) -Th(L; L,, . . . , JI,,), and 
(ii) Th(a(X); I(X,), . . . , I(X,))=Th(%l(Y); I(Y,), . . . , I(Yn)) as Boolean 
algebras, 
then R = S. 
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To conclude our preliminary discussion on the model theory of Boolean 
sheaves, we need to consider a two-sorted language 3* first introduced by V. 
Weispfenning [lo]. 
Definition. Z* will be the language containing the following symbols: 
(i) unary predicates ML and MB (for an 2’-structure and a Boolean algebra, 
respectively), 
(ii) all the symbols of 9, 
(iii) the usual symbols (a, II, U, n, c, of a Boolean algebra, 
(iv) for all open 22?-formulas 0(X) with n-free variables, an n-ary function 
symbol ItI<--)I. 
An S*-structure Ju will consist of a pair (ML, MS) where ML is an _I??-structure 
and MS is a Boolean algebra and for all quantifier-free .Z’-formulas O(Z) with 
y1 -free variables, a function [tI(-)jj : WL + MB. 
Convention. fix, /3, y . . . will denote elements in MS while u, t, . . . and latin letters 
will denote elements ranging over ML. 
Remark. Any commutative ring R = r(X, lj 9,) can be expanded to an 2?*- 
structure by taking 
(i) ML = RX, U YJ, 
(ii) MB = 93(X), 
(iii) [0(-)I as the function 
(T -+ [[e(a)] = {x E x: 27, k f3(c+(x))}. 
Definition. Given an _Y-formula q(Z) =L2ru1 * - - 52,,u,,O(U, X) (where Si is 3 or V) 
we define an LE*-formula (p*(Z, a)=L2ruI * . - 9?,,u,,[~(ii, X)nsa. 
Theorem 2.5 (Weispfenning). Let R be a commutative ring (=r(X, lJ Y,). If 
5 E T(X, IrJ Y,.) and ~~(6, II ) holds, then for each x E X, .Yx t=cp(~r(x)). 
Theorem 2.6 (Weispfenning). Assume T(X, IrJ 9,) satisfies Comer’s condition (C). 
Take an Z-formula q(X) and sections CT and assume for each x EX, Y’, \(p((T(x)). 
Then cp*(@, 1) holds. 
3. Representations of group rings 
This section is devoted to representing abelian group rings over fields of 
characteristic zero as rings of global sections on a sheaf of domains over a 
Boolean space. 
Definition. A group G is said to be torsion if it has no elements of infinite order; 
otherwise it is said to be mixed. 
182 P. Pappas 
Definition. A group G is said to be divisible if for every y E G and n EN there 
exists x E G with X” = y. 
Definition. Let G be a fixed abelian group and suppose K is a field of characteris- 
tic zero. Then, K is said to be 
(i) G-complete if K contains a primitive n-th root of unity when G has an 
element of order n. 
(ii) G-divisibly complete if K is G-complete and if the group of roots of unity 
of K is divisible. 
(iii) G-large if K has a G-completion which is a finite algebraic extension of it. 
(iv) G-small if K is not G-large. 
Example. Let G = Z x Z2” x Z3 (where Z2” = lim, 2/2”Z). Let Q(&) denote the field 
generated over the rationals by all the 2”-th roots of unity. It is well known that 
Gal(Q(&=) : 0) = f,+ x Z/22 (where f,+ denotes the additive group of the 2-adic 
integers). Furthermore, let r, be the subfield of Q(&-) fixed by the torsion 
subgroup of Gal@!(&) :&I!). Then, 
(i) Q(&-, &) is G-complete. 
(ii) Q(&, &=) is G-divisibly complete. 
(iii) r, is G-large. 
(iv) Q is G-small. 
Remark. The idea of classifying fields in this way is similar to [S, p. 6841. We will 
now study the theory of K[G] for the case G-torsion ubeliun. 
Dell&ion. A group G is said to be locally finite if every finite subset generates a 
finite subgroup. 
Theorem 3.1 (Villamayor). Let K be a field of characteristic zero. Then K[G] is 
regular if and only if G is locully finite. 
Proof. See [8, p. 691. 
Thus, when G is a torsion abelian group, K[G] is regular. This allows us to use 
the nice results of Section 1 to conclude: 
Lemma 3.2. Let K be a field of characteristic zero and let G be a torsion ubeliun 
group. Then K[G] is representable us a ring of global sections on a sheaf of fields 
over the Boolean space Spec %(K[G]). M oreover, each stalk is generated us a 
K-algebra by roots of unity. 
Proof. By regularity, each ME Spec 93(K[G]) induces a maximal ideal %I of 
K[G]. Furthermore, K[G]/M is generated as a K-algebra by the image of G 
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under the canonical map K[G] + K[G]/1\;7 Applying the Pierce construction of 
Theorem 1.4 yields the desired result. 
Lemma 3.2 can be sharpened considerably depending on the type of field K is 
in relation to G. To obtain these stronger results we will need the following two 
theorems, modified to suit our needs. 
Theorem 3.3 (Arens-Kaplansky). Let K be a field of characteristic zero. Necessary 
and sufficient conditions for a commutative ring R (with identity) to be isomorphic 
with C(Spec R, K) are 
(i) R is regular. 
(ii) R admits K as a ring of left operators with the unit element of K acting as 
unit operator. 
(iii) If M is a maximal ideal in R the natural map from K + R/M is an 
isomorphism. 
Definition. An algebra A over a field K is said to be semisimple if the intersec- 
tion of all maximal right ideals of A is (0). A is said to be an algebraic algebra 
over K if every element of A satisfies a polynomial equation (in one variable) 
over K. 
Theorem 3.4 (Arens-Kaplansky). Let A be a commutative semisimple algebraic 
algebra (with identity) over a field K. Suppose that all residue fields of A are 
isomorphic (as algebras over K) to subjields of a certain field L which is finite, 
normal and solvable over K and let {Li} denote the set of fields between K and L. If 
every ideal A is countably generated, then there exist closed subsets Xi c X = Spec A 
such that A = C(X, L; Xi, Li)i=l,...,, - the ring of all continuous functions from X 
to L, which on Xi (i = 1, . . . , n) take values in &. (Each Xi = {x E X: 9, E h}.) 
Note. The proofs of both theorems are in [l]. 
Remark 1. Let X be a Boolean space and L a field. Then C(X, L) = r(X, U Y,) 
by taking 9X = L for all x E X and by taking as the topology on u 9, the one 
generated by the basic neighborhoods O(u, k) = {k, E .Y, : x E “21) (where U is open 
in X and k is an element of L). 
Remark 2. Let X be a Boolean space, X,, . . . , X, closed subsets of X, L be a 
field and L1,. . ., L,, subfields of L. Then C(X, L: Xi, Li) g T(X, \II CTx) where 
yx = n,,, Li and l&x 9, is equipped with the topology induced on U 9,. 
Lemma 3.5. Let G be a torsion abelian group and let K be a field of characteristic 
zero which is G-complete. Then 
K[G] = C(Spec(K[G]), K). 
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Proof. We need to show that conditions (i), (ii) and (iii) of Theorem 3.3 are met. 
From Theorem 3.1 we get (i). K obviously acts on K[G] as in (ii), so it remains to 
verify (iii). For any M~Spec K[G] K[G]/M is a field and as a K-algebra is 
generated by the image of G under the map -: K[G] + K[G]/M. Therefore, 
K[g]/M is generated by roots of unity. If g” = 1 in G, then by the G-completeness 
of K, g is in the range of K + K[G]/M. Hence the map is onto, and therefore an 
isomorphism. 
Lemma 3.6 (Herstein). Let K be a field of characteristic zero. Then K[G] is an 
algebraic K-algebra if and only if G is locally finite. 
Proof. See [S, p. 531. 
Lemma 3.7. Let K be a field of characteristic zero and let G be a torsion abelian 
group. Then K[G] is semisimple. 
Proof. See [8, p. 2831. 
Definition. Let G be an abelian group and let K be a G-large field of characteris- 
tic zero. The minimal extension of K which is G-complete is said to be the 
G-completion of K and is denoted K. 
Remark. l? is obtained by adjoining to K a primitive n-th root of unity whenever 
G has an element of order n. 
Lemma 3.8. Let G be a countable torsion abelian group and let K be a G-large 
field of characteristic zero. If X= Spec K[G], then there exist closed subsets 
XI, . . . , X,, of X and intermediate fields K1, . . . , K,, between K and K such that 
K[G] = C(X, K; X1, Ki)iSn and the Ki are obtained by adding a root of unity to K. 
Proof. By Theorem 3.1, K[G] is a regular ring. By Lemma 3.2, its stalks are 
contained in K and are obtained by adding to K, primitive roots of unity. K is 
abelian Galois over K and by Lemmas 3.6 and 3.7, K[G] is a semisimple 
algebraic K-algebra. 
We now apply Theorem 3.4 to K[G] to get that K[G]sC(X, R; Xi, Ki)i<,. 
The fact that the stalks are obtained by adding to K, roots of unity, readily implies 
that the Ki’s are also obtained in this fashion. 
We now turn to the problem of representing the group ring of a mixed abelian 
group as a ring of global sections. Before proceeding with the actual construction 
of r(X, u .Y,), we must first recall some more facts about the algebraic structure 
of group rings. 
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Lemma 3.9. Let H be a subgroup of G and let Y be a left transversal for H in G. 
Then every element a E K[G] can be written uniquely as a finite sum of the form 
CY = CyeY yoy with a, E K[H]. 
Proof. See [8, p. 61. 
Lemma 3.10. Let G and H be groups and let K be a field. Then 
K[G x H]=K[G@&K[H]. 
Proof. See [8, p. 251. 
Lemma 3.11. Let A be an abelian group with subgroup B and suppose A : B + D is 
a homomorphism of B into a divisible group D. Then h extends to a homomorphism 
cp:A+D. 
Proof. See [8, p. 191. 
Lemma 3.12. Let G be a torsion free abelian group and let K be a field of 
characteristic zero. Then K[G] is a domain. 
Proof. See [8, p. 5911. 
Lemma 3.13 (Bovdi-Mihovsi, Bums, Passman). Let e be a central idempotent in 
K[G]. Then (Supp e) is a finite normal subgroup of G. 
Proof. See [8, p. 1361. 
We now introduce the notion of a twisted group ring (cf., [8, p. 131). 
Definition. Let K be a field and let G be a multiplicative group. Then a twisted 
group ring K’[G] of G over K is an associative K-algebra with basis {X : x E G} 
and with multiplication 
27 = Y(X, Y)xy 
for some function y : G x G +- K” (where K” is K\(O)). 
The following is the key to our representation theorem. 
Lemma 3.14. Let Z be a central subgroup of G and let L be a maximal ideal in 
K[Z]. If I= L * K[G], then K[G]/I=F[G/Z] . 1s a twisted group ring of G/Z over 
the field K[Z]/L. 
Proof. [8,p. 151. 
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Definition. Let G be an abelian group. We let T(G) (or T when no confusion 
arises) denote the torsion subgroup of G. 
Theorem 3.15. Let G be a mixed abelian group and let K be a field of characteristic 
zero. Then 
K[G] = r(Spec 8 (K[T]), UJ K$[G/T]). 
Proof. The Pierce representation theorem shows K[G]= r(Spec %(K[G]), 
u 9,) where 9” = K[G]/I\;I for ME Spec %(K[G]) and where ti is the induced 
ideal in K[G]. From Lemma 3.13, $B(K[G] = 93(K[T]) and so we need to only 
induce elements of Spec $59 (K[T]) to K[G]. 
Now let ME Spec %(K[T]). Then because K[G] is a commutative ring with 
identity, and since L, the induced ideal of M in K[T] is maximal in K[T], we 
conclude I%= L * K[G]. Hence, Lemma 3.14 applies and the theorem follows. 
As in the case of torsion abelian groups, this result can be sharpened considera- 
bly by imposing certain conditions on K. This is where we introduce the notion of 
G-divisibly complete fields, defined at the outset of this section. 
Lemma 3.16. Let G be an abelian group and suppose K is a G-divisibly complete 
field of characteristic zero. Then K[G]=K[Tx G/T]. 
Proof. Let % be the elements of K[T] which are roots of unity. Clearly % is a 
group. It is also divisible. Indeed, K[T] = C(X, K) since K is G-complete. Thus, 
((Y(X))” = 1 for (Y E Q and x E X. Viewed as a function, a! is locally constant and 
(Y [X] c V, where V is the group of roots of unity of k. Fix m E N. Take a partition 
of unity Cf=i ei = 1, e,e, = uij, so that (Y = Cf=i ei& (where & is an n-th root of 
unity). Since V is divisible, there exists 5: such that (6:)“’ = &. Then (Y’ = c e&i E 
C(X, K) and (a’)” = (Y. Hence (a’)““’ = 1 and CY’E %. Therefore % is divisible. 
The remainder of the proof comes from [8, p. 6871. Consider the subgroup 
S = %G. Clearly Ou tl G = T so that S/Q = G/T. Because % is divisible Lemma 
3.11 implies that the identity map A : % + Du extends to cp:S-+% and hence 
S = % x W where W = ker cp. Clearly W = S/Q = G/T. If Tg E G/T, then Tg c 
%!g = %w for a unique element w E W and furthermore every element of W arises 
in this manner. It follows that 
K[ T]g = K[T]%g = K[ T]%w = K[ T]w, 
and hence if Y is a transversal for H in G, then we have the direct sums 
K[G]= c K[T]g = c K[T]w. 
ZEY WtW 
We conclude that the elements of T x WE S are K-linearly independent and span 
K[G]. Thus, K[G]=K[Tx G/T]. 
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Corollary 3.17. Under the same hypothesis, K[ G] = K[ T] 63 K[ G/ T]. 
Proof. See Lemma 3.10. 
Theorem 3.18. Let X, Y be Boolean spaces, X1, . . . , X,, Yi, . . . , Y,,, closed subsets 
of X and Y respectively. Let L be a field extension of K and L1, . . . , L_,, intermediate 
subfields. Let A be a K-algebra, AI,. . . , A,,, subalgebras. Assume that 
A, Al,. . . , A,,, are domains and that their fraction fields are linearly disjoint from L 
over K. Then, 
C(X, L; Xi, Li)i<n@KC(Y, A; yi, Aj)j,m 
z C(XX Y, L&A; Xi X Y, Li@KA; XX Y, L@KAi)iG,,jG,. 
Proof. We will denote these rings by C(X), C(Y) and C(XX Y). Note that our 
hypothesis on the algebras implies that b &Aj is in fact a subring of the field 
composite of h and the fraction field of Ai. It is, in particular, a domain. 
Note also that if (x, y) E Xi x yi, and if f E C(Xx Y), then f (x, y) E Li t&Aj. 
Define cp : C(X) X C(Y) + C(XX Y) by ~(f, g)(x, y) = f(x)@g(y). It is K- 
bilinear and therefore factors through C(X)@C( Y). So, cp’ : C(X)@ C(Y) + 
C(Xx Y) with cp’(ci fi @ g,)(x, y) = xi fi(x)@gi(y) is well defined. We want to 
show that cp’ is our isomorphism. For that, we will define a map II, : C(X x Y) + 
C(X)@C(Y) and prove that cp’ 0 $= $0 cp’=id. 
Let h be an element of C(XX Y). Then, as h is locally constant, there is a 
partition Q,, . . . , 6’?, of XX Y such that h is constant on each of the Q_,<‘s. Take 
now partitions into clopen subsets Qa,,, . . . , Oa,, and 6’eb,, _. . , ob, of X and Y 
respectively such that for all i, j (?a,, x 6’e, is contained in one of the Qy.‘s. Then h is 
constant on each of the 0=‘,, X 06,. Its value on Qa,, x 06, will be an element of 
L@,A, say Cr~i 12 @ a$ where 12~ L, a;~ A. Furthermore, if oe’,, intersects X,, 
then 12 will be in I,, and if 0e, intersects Y,, then a! will be in A. Define 
i,j k=l 
where ail2 is the function equal to 12 on 6’_.. and zero elsewhere and where @jaZ is 
the function equal to a; on S,, and zero elsewhere. Note that +,(h) is an element 
of C(X) @ C(Y). 
We must prove that + is well defined. We first consider the case where h is 
equal to Cr=i lk @ak on Qe X 0B and zero elsewhere. Then G(h) = xk cyl, @f&q‘. It 
suffices to prove that if cTZ1 Ik @ak = 0, then cp= 1 al, @ /3ak = 0. We proceed by 
induction on m. 
Case m = 1: 1, @u, = 0. Because of our hypothesis on A and L, we have that 
1, = 0 or a, = 0. In both cases al,@ paI = 0. 
Assume that we have proven it for sums of length m - 1 and assume 1, # 0. 
188 P. Pappas 
Then because L is a field, we can assume that l1 = 1. So we have 
k=2 
(1) 
Since the fraction field of A and L are linearly disjoint over K, there are elements 
f 2, . . f , f,,, in K such that 
ax= 2 fkak=O=l@aI+ 2 fk@ak. 
k=2 k=2 
(2) 
Subtracting (2) from (l), we get crE2 (& - fk)@ak = 0, which by the induction 
hypothesis implies 
f a@k-fk)@@k =o. 
k=2 
We also have 
(3) 
(4) 
Adding (3) and (4) yields 
So we have proved that the definition of $(h) does not depend on the choice of 
the writing CT= I lk @ &. We now must prove that it does not depend on the choice 
of the partitions Da,, . . . , fITa‘,,, OBp,, . . . , C&,. 
Take two other partitions 6’a;, . . . , Om’,:., Q, . . . , C&:.. By refining them both, we 
may assume that oa,;, . . . , Cyan:, is a refinement of 0’,_, . . . , Oa, and that Oap;, . . . , OBi. 
is a refinement of QO,, . . . , C&,. That is, each of the oa’,, will be a union of a certain 
number of oaa;‘s and each S,, will be a union of a certain number of (!7&;‘s. Then for 
any element 1 in L, ail will be equal to the sum of the corresponding cy:I and for 
any a in A, &a will be equal to the sum of the corresponding /3&x. By linearity the 
result then follows. 
Proof. Take f in C(X) and g in C(Y). Take two partitions oa’,,, . . . , Oa,, of X and 
Q,, . . . , CT,* of Y such that f and g are constant on Sat and Ospi respectively. Then 
cp’(f@gg) is constant on each of the 0_ x O@,. So 
rcl[cP’(f@ g)l= C %4 @+j 
i,i 
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where Ei is the constant value taken by f on Oa,i and Ui is the constant value taken 
by g on Q,. 
cp’ o 4~ = idC(Xxy) 
Proof. Take h in C(Xx Y). Take the two partitions 6’a,, . . . , Oas, and 06,, . . . , O,,. 
Then, if (Y~ X pi is the characteristic function of Oa, X OBp,, h = Ci,j (pi X fij)h and 
(ai x fij)h is constant on O,_ x Qi, equal to zero elsewhere. Thus, by linearity, 
it suffices to show that cp’ 0 +((cyi x p,)h) = (q x /3,)h), ~‘[$((a X P)h)] = 
(p’(ck alk 8 @ak) where 2 1, @a, is the value taken by h on sb, X Ob. 
k 
=xbxP)lk@ak 
k 
= (a x p) c lk @ak = h. 
Theorem 3.19. Let G be an ubeliun group and let K be a G-divisibly complete field 
of characteristic zero. Then K[G] = C(X, K[G/T]), where X = Spec K[T]. 
Proof. By Lemma 3.5, K[T]= C(X, K) and by Corollary 3.17, K[G]= 
K[T]@,K[G/T]. Since K[G/T] is a subring of some non-algebraic extension of 
K, we apply Theorem 3.18 to K[T]= C(X, K) and K[G/T]= C({y}), K[G/T]) to 
get the desired result. 
4. Changing the base field 
We now investigate the first-order relationship between the theory of K[G] and 
the theory of K in the language of rings. We say that the theory of K[G] is 
completely determined by the theory of K if for every field F 
K=F iff K[G]=F[G]. 
Up till now we have not exhibited an abelian group ring K[G] whose theory is 
completely determined by the theory of K. Such group rings do exist, but in order 
to show this we must first prove the following technical lemma. 
Lemma 4.1. Let R sr(X, k_J 9%) be a commutative ring with identity, isomorphic to 
a ring of global sections on a sheaf of domains over a Booleun space X, and let O(X) 
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be an open ~-formula. Then the following are definable in R: 
(9 UtWll~o, 
(ii) [0(%)jj< a_, 
(iii) [0(3)1= (Y. 
Proof. We prove (i) and (ii) only since (iii) follows from them. Furthermore, 
because l[e, A 0,j 2 (Y =$ [&Jj n [Ied 2 (Y and ([l&n 2 cz e [e,jj s 1 - cx we need only 
prove the theorem. for atomic formulas, namely, t, = t2 where ti is a term in y. 
By equating a, b E R with their sections maa, a, under the isomorphism R + 
r(X, u YJ, we claim 
(1) [a=bnso iff o’=oA(a-b)a=O, 
(2) [a=b&o iff 02=oAV(P(/3*=~~&=crr\~#a!-+(a-b)p#0). 
Proof of Claim. Recall that the definition of [a = bn is the set {x E X: a(x) = b(x)}. 
To prove (l), let [a = b]Js a. By definition, (Y* = a. Furthermore, if x ES,, then 
x ~[a = bn and a(x) = b(x). If x$ oa’,, then a(x) = 0 and therefore in either instance 
(a - b)a = 0. Conversely, if (Y* = (Y and (a - b)a = 0 and x ES,, then a(x) = 1 (the 
yx’s are domains) and hence (a-b)(x) = 0, i.e., [a = bn>o. 
For (2), suppose [a = b]l< (Y and let 0 E S(R) be such that @a! = a. Then, (Y* = (Y 
and if pa = cy, (Y # p, then 0’e # sb, and hence for some x E 0a, ((a - b)P)(x) # 0. 
Conversely, if (a - b)@# 0 for all f3 E 93(R) with f3a = (Y and @# a, then necessar- 
ily [Ia = bjj s cy, and both the claim and the theorem are proved. 
Corollary 4.2. Let ~p(X)=2~tq * * * S,,u,,O(ii, X) be an ~-formula with 8 open. Then 
~“(2, (Y) is definable in R. 
Proof. By Lemma 4.1, I[e(fi, %)Jsa is definable and thus so is 
%u,. . . ~~p(ii, qp a. 
Theorem 4.3. Let G be a torsion abelian group and let K be a G-complete field of 
characteristic zero. Then the theory of K completely determines the theory of K[G]. 
Proof. Suppose K = F. Then F is G-complete since the property of possessing a 
primitive n-th root of unity is first-order. We now consider two cases: 
Case 1: G -finite. See Theorem 1.2.3. 
Case 2: G -infinite. It is known, in this case [S, p. 6861, that K[G] and F[G] 
have no primitive idempotents. That is, %(K[G]) and %(F[G]) are atomless and 
thus elementarily equivalent (since the theory of atomless Boolean algebras is 
complete). By Lemma 1.2, 93(X)=PB(K[G]) and B(Y)=B(F[G]). Hence, 
Theorem 2.3 applies and K[G]=F[G]. 
Conversely, if K[G]= C(X, K)= C(Y, F) = FIG] and if cp is an .%‘-sentence 
true in K, then by Theorem 2.6 and Lemma 4.1, C(X, K)kcp*(I). Hence 
C(Y, F) Ccp*(Q) and so by Theorem 2.5, Fl=cp. Thus K = F, and the theorem is 
proved. 
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Theorem 4.4. Let G be a torsion abelian group and let K be a G-large field of 
characteristic zero. Then the theory of K completely determines the theory of K[G]. 
Proof. Let Abs(K) denote the algebraic numbers in K. If K SF, then Abs(K) G 
Abs(F). Therefore, if 6 is a root of unity, we have 
[K(t) : K] = [Abs(K)([) : Abs(K)] = [F(t) : F]. 
Look now at the theory of K(t) with a unary predicate for K. We can say in it 
that K(t) is algebraic of degree d = [K(t) : K] over K, generated by a primitive 
n-th root of unity. Take now a * such that K” SF* and consider (K(e), K)* = 
(K(t)*, K”). Then K(5)* is an extension of degree d over K*, generated by a 
primitive n-th root of unity. Therefore K(t)* = K*(t). From that, if [i, . . . , &,, 
are primitive roots of unity, one can easily deduce that 
(K(E,), K(I,), . . . , G&z), K) = (K*&), . . . , K*&,‘,), K*), 
(F&h &C-J, . . . > Fk,,), F) = (F*k%, . . . , F*kn), F”). 
Therefore, K=F implies (K([,), . . . , K(&,,), K) -(F(t,), . . . , F(&,,), F). Note 
also that if K(t) is G-complete, then F(e) is also G-complete. Thus, if K is 
G-large, then F is G-large. 
We now consider two cases: 
Case 1: G -countable. Let * be such that K” = F”. Then K*[G] =F*[G] and 
it suffices to show K[G]=K*[G]. Since K and K” are each G-large Lemma 
3.8 applies, and thus 
K[Gl= C(X K(5); xi, K(&))i<nt 
K*[Gl= CW, K*(5); yj, K*(&N,an. 
Claim. X is homeomorphic with Y. 
Indeed, by Theorem 1.2.1 we have 
K[Gl i K*[G] 
and so we view K[G] as a subring of K*[G]. 
Now, K*[G] = lim, K*[G,] where Gi ranges among the finite subgroups of G 
and so B(K*[G]) = lim, B(K*[Gi]) (b ecause we are in commutative rings). 
For each finite Gi, K[G,] is a finite product of fields; by Theorem 1.2.2, 
K[G,] = K*[G,] and so they must have the same (finite) number of idempotents. 
Therefore, 93 (K[G]) = B(K*[G]). 
By Theorem 1.5 the prime ideals of K[G] and K*[G] are uniquely determined 
by their intersection with !B(K[G]) and ‘3(K*[G]) respectively. Thus the natural 
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map 
cp : Spec(K*[G]) + Spec(K[G]), 9 --, 9 n K[G] 
is a homeomorphism and the claim is proved. 
We now claim that for each 9 in Spec K*[G], if K*[G]/.9 =K*(t$), then 
K[G]/(p@) SK(&). Indeed, note that the map i :K[G]+ K*[G] induces an 
embedding of K[G]/(p@) into K*[G]/S. 
Let n be the order of tj. So we have [y = 1 and ,$ # 1 for k <n. Choose a in 
K*[G] such that a” = 1 (9) and for all k < II, a”+ 1 (9). For each k ~rz let 
zk E K*[G] satisfy (ak - l)zk(ak - 1) = a k - 1 and denote the idempotent 
zk (a k - 1) by ek. Note that e,, E 2 and for k < n, ek $i 2. Furthermore, for all k S n, 
ek is in K[G]. Let 
$(e,, e,-l, . . . , eJ =3x (x” - l)e, = xn - 1 A 32,_1 2,_1(x”-1 - 1) 
= e,_lr\. . * ~32, zl(x - 1) = e,. 
This is an existential Z-sentence with parameters in K[G]. Since K*[G]l= 
$(e,, . . . , e,) and since by Theorem 1.3.4 K[G] is existentially closed in K*[G], 
we conclude that K[G]!=+(e,, . . . , ei). 
Fix b E K[G] satisfying this sentence. Then (b” - 1) = (b” - l)e,, E ~(92) and for 
k<n, bk-1#~(9) because (bk-1)zk=ek$9nK[G]. So the image of b in 
K[G]/q@) is a primitive n-th root of unity. Therefore, K[G]/q(~)=K(~i) and 
the claim is proved. 
So in fact we see that the homeomorphism from X= Spec K[G] to Y = 
Spec K*[G] sends Xi on Yi. Therefore, we have 
KIYGI s C(X, K(t); xi, K(&))i<n, 
We already showed (K(t), K([,), . . . , K(&,))=(K*([), K*(S,), . . . , K*(L)) and 
thus by Theorem 2.4 K[G]=K*[G]. 
Case 2: G -uncountable. Go to a Boolean valued extension of set theory (cf. 
[6, p. 4341). Let B be a complete Boolean algebra such that vB’ satisfies G is - - 
countable. In VcB), F, K are still both elementarily equivalent and G-large. 
Therefore, K[ G] = F[ G] by Case 1. Clearly K[ G] = K[ G] and likewise for F[ G]. 
Conversely, suppose K[G] = F[G]. Then K[G] = T(X, U 9,) where 9, is 
either isomorphic to K or is of the form K(&) for .$ a primitive d,-th root of unity 
in I?\K. Let tl,. . . , &,, be the primitive roots of unity in &\K and let X0 = 
{x E X: Sp, = K}. Note that X0 is nonempty (since the kernel of the augmentation 
map is in X0). Let O(a) be the following formula: 
8(a)++%,, . . .,a,,x1,. . . ,x, a,u** *ua, =o! 
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Then 8 defines 1(X,). Let - be the equivalence relation defined by a-b iff 
f3@1# b]l). Then K[G]I-- is isomorphic to r(X,, kJ SPJ, i.e. to C(X,, K). There- 
fore all the 9, (x EXJ are elementarily equivalent to K and K[G]I- satisfies 
condition (C) . 
Let F[G]= r(Y, u 9,) and let Y,, be the closed set defined by 8. Then 
YO = {y E Y: .T,, does not contain any &, i = 1, . . . , m}. So if YO is nonempty, then 
YO contains {y E Y: T,, =F} because for all y E Y, Fc r,,. Now F[G]/- z 
r( Y,, IrJ y,,) and thus K[G] = F[G] implies C(X,, K) = r( YO, k_J T,,). Hence YO is 
nonempty. Using Theorems 2.5 and 2.6 we conclude that for all y E YO, T, =K, 
so in particular F = K and the theorem is complete. 
Remark. This theorem is definitely not true for group rings of torsion abelian 
groups over G-small fields. We postpone a proof of this until Section 6 of this 
chapter. 
Theorem 4.5. Let G be an abelian group and let K and F be G-divisibly complete. 
Then, 
K[G]=F[G] iff K[G/T]=F[G/Tl. 
Proof. By Theorem 3.18, 
K[G]= C(Spec K[T], K[G/T]), 
K[G]= C(Spec K[T], F[G/T]). 
Using virtually the same techniques as in Theorem 4.3 we obtain the desired 
result. 
Corollary 4.6. Let K be a G-divisibly complete field of characteristic zero for some 
abelian group G. Suppose t.d.(K/Q)< 00. Then, the theory of K completely deter- 
mines the theory of K[G] ifl G is torsion. 
Proof. By Theorems 2.2.1, 4.5 and 4.3. 
Corollary 4.7. Let K be an algebraically closed field of characteristic zero and let G 
be an abelian group. Then the theory of K completely determines the theory of K[G] 
iff G is torsion. Furthermore, if G has elements of infinite order, then the theory of 
K[G] is completely determined by the theory and transcendence degree of K. 
Proof. The first statement follows from Corollary 4.6. For the second, we note 
that if G has elements of infinite order then G/T is a torsion free abelian group. 
From Theorem 4.5, K[G]=F[G] iff K[G/T]=F[G/T]. So if K[G]=F[G], then 
K[G/T]=F[G/T] which by Theorem 2.2.1 and Lemma 2.2.2(ii) implies K=F 
and t.d.(K/Q) = t.d.(F/Q). Conversely if K=F and t.d.(K/Q) = t.d.(F/Q) then F is 
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algebraically closed and either 
(i) t.d.(K/Q) = t.d.(F/Q) ~00; 
in which case K=F and therefore K[G]=F[G], or 
(ii) t.d.(K/Q) = t.d.(F/Q) = 00; 
in which case, by Corollary 1.2.5, there is a back and fourth argument giving 
K[G] = F[G]. 
5. Changing the group 
In this section we investigate the relationship between the theory of K[G] and 
the theory of G using the language of rings with identity. 
Definition. Two groups are said to have the same number of elements iff they 
both have the same finite cardinality or they are both infinite. 
Theorem 5.1. Let G be a torsion abelian group and let K be a G-complete field of 
characteristic zero. Then K[G]= K[H] ifl K is H-complete, H is torsion abelian 
and both groups have the same number of elements. 
Proof. By Lemma 3.5, K[G] = C(Spec K[G], K) and K[H] = C(Spec K[H], K). 
Using arguments similar to those in Theorem 4.3, we find 
.%(Spec K[G])= 9(Spec K[H]). 
Hence, Theorem 2.3 applies and K[G]=K[H]. 
Suppose K[G]=K[H]. By Theorem 3.1, K[G] is regular and hence so is 
K[H], since regularity is first-order. Applying Theorem 3.1 once more to K[H], 
we conclude that H is torsion abelian. Therefore, 
K[G] = C(X, K) = r( Y, u Sp,) = K[H]. 
Let q be an Z-sentence with K k cp. Then by Theroem 2.6, C(X, K) I= q*(I) and so 
P(Y, \11 sPy)l=(p*(l). By Theorem 2.5 we conclude .9’,, l=cp (y E Y) and thus, for each 
y E Y, 9, = K. If K is not H-complete, then for some n EN there exists h E H of 
order n, and K does not contain any primitive n-th root of unity. But, for some 
prime P~Spec K[H], K[H]IP contains a primitive n-th root of unity, a con- 
tradiction. 
Now the Boolean algebra of idempotents is definable by an Z-formula inside 
each group ring. Hence, as Boolean algebras, 
%(K[G])= B(K[H]). 
If G is finite, then %(K[G]) is finite and therefore SO is SB(K[H]). Thus, H is 
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finite (else S(K[H]) is atomless). As K-algebras 
K[G]=Kx.. -xK (JG(-times), 
K[H]ZKX* * *xK (IHJ-times), 
and so (G( = JHI. 
If G is infinite, then 93(K[G]) is atomless and therefore so is B(K[H]), i.e., H 
is infinite and the theorem is proved. 
Using the same ideas as in the previous proof, we conclude; 
Theorem 5.2. Let G and H be abelian groups and let K be both a G- and 
H-divisibly complete field of characteristic zero. Then, 
K[G]=K[H] ifl K[G/T(G)]=K[H/T(H)] 
and T(G) and T(H) have the same number of elements. 
6. A counterexample over G-small fields 
This section is completely devoted to showing that there exists a torsion abelian 
group G and two elementarily equivalent G-small fields K-F of characteristic 
zero with K[G]+F[G]. 
Notations. For n an integer, <,, will denote a primitive n-th root of unity chosen 
in such a way that S$ = 5,. 
For p prime, wP will denote the multiplicative group of p”-th roots of unity and 
p will denote the group of all roots of unity. 
We set for each prime p, Z,, = lim, H/p”Z and we will denote the group law 
multiplicatively. Let zi denote the element 1 in Z/p’Z. Then zp= ziPI. In fact, Z,, 
is isomorphic with kP (zi -+ &). 
N* denotes the one-point compactijication of the discrete topological space N. 
The point at infinity will be called w. The open sets are the finite subsets of N and 
their complements in N*. Furthermore N is Boolean. 
Theorem 6.1. Q[Z,=]= C(N*, a(~.,); {w}, Q). 
Proof. We are going to define homomorphisms 
cp : Q[Z,-1 -+ cm*, Q&J; bl, Q), 
4 : c@J*, a(/-$); hoI, Q> -+ a&f-13 
and prove that CP 0 4 and 4 0 cp are the identity maps. 
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Definition of cp. For q EQ, q(q)(n) = q for all n in N* 
For i, n integers, 0 s n <pi 
cp(z;)(j)= 1;;“’ for j in N, 
(p(z;)(o) = 1. 
One sees that for j 2 i, 5,“:’ = 1, therefore cp(zl) is continuous, and it takes at 
most i different values. 
cp is well defined: Assume z”= z::~. Then n’= npk and thus 
(p(z;;k)(j) = $‘ts: = ~,“5?’ = <;:“’ = cp(z;)o’). 
q is multiplicative: 
Now extend cp to a ring morphism: OCZ,-I-+ C(N*, Q&j; (01, a>. 
Definition of JI. Let xi be the characteristic function of {i}, for i EN. Let 
si = (1-t zi + z:+ * . * + zp’-‘). 
Define 
$(Xi~~~si-~si+l 
and set 4,(l) = 1 (where we identify 1 with the constant function equal to 1). 4 can 
then be extended to the Boolean algebra of idempotents of C(X, UZl!&,); {w}, Q); 
the idempotents are the characteristic functions of the clopen subsets of N”. Those 
are either finite and don’t contain w, in which case they are expressible as finite 
sums of xi’s, or they are cofinite and contain o, in which case they can be 
expressed as 1 minus finite sums of xi’s. 
Define G(q) for q in Q (identify q with the constant function equal to q). 
Now we are going to define the function on the stalks. 
Take i EN. Let x&+ be the function equal to &, on {i} and 0 elsewhere. 
Define G(Xirpl) = Icl(Xi)Zj+i* 
Extend + to a ring-morphism (first extend to the functions which are 0 on 
N* \{i}, then define $(a + 6) t= 4(a) + 4(b)). 
Claim. G is defined everywhere. 
Indeed, take a function f~ C(N*). Then because f is continuous, there is an 
integer n such that f is constant on [n, W] and equal to a rational q. Then 
f = X[n,ol * 4 + C f(i) * Xi* 
i<n 
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Since f(i) is a linear combination of c;,‘s, $(f(i),yi) is defined. Furthermore, 
$(xc,,,~~ .q) = 41 -Ci’Zt +(X1), so WI is defined. 
cp o G = ihN*) 
Proof. It suffices to prove it for the xi’s and the X&~‘S because all of the elements 
of C(N*) can be obtained by linear combinations of these with coefficients in Q. 
Cp o @(Xi) = Cp ( 1 1 pi si -p’f’ si+l ) 
=$ ~(si)-$ cPtsi+l). 
$0 0 ~(xi)o.)=~(l+c:+~~~‘+. . .  g!+P') 
_+ (1+ . . . + @:;1-l’P’) 
= l i 
i 
o-o if j < i, 
,(P l-0 if j = i, 
$(pi)---&(piil) if j>i 
= Xi(i). 
Cp o @(Xi * Cp’,-) = cP($/(Xi) * Gn+i), 
Cp o +=Xi *cP(Gm). 
Cp o $l(Xi * 5pm>o')=Xio') ’ (P(zm+i>ti> 
i 
0 if i # j, = 
$+i = fbm if i = j 
= Xi&* 0’). 
Proof. It suffices to prove it for all elements of H,-. Take 2:. Then 
m-1 
CPKJ = X[m,w] * 1+ c xjc;“-‘. 
j=o 
=1+_(z;-1) +s,-L, 
( P Pm ) 
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= l+(zk-1) 
( 
l--$(l+z,,+z2,,+. *.+z, PW)) 
=l+(zL-l)-~(z~+z,'+.. 
p-tn-1 
*+z, ) 
+1(1+2,+.. 
Pm 
*+Z? pmm-l)=z;. 
(note. (z”,+z~+l+~~~+zp,“‘n~‘)=(l+z+~~~+zp~~’) because z’“=l.) 
Theorem 6.2. Let P denote the set of prime numbers in N. Then 
proof. Q[@ Z,-] =lim_ @DpEI C&T’,=] where I runs through all of the finite subsets 
of P. By Theorem 6.1, C&Z,-]= C(N*, Q(F.,>; {w>, Q). Q!(P~)~+~ is linearly disjoint 
PEP 
from CL&.,) over Q, therefore it is also true for subfields of Q(p,). 
From Theorem 3.18, we have 
If I c J are two finite subsets of P, then the inclusion map 
induces an embedding of the stalks: Q(cL~)~~I +(C&J~)~~J and a map of the 
spectra: 
111 111 
l-h; l-h: 
PEJ PSI 
which is simply the projection on the I-coordinates. So Spec being a contravariant 
functor yields 
= lim nq=nq. 
I-Zite PSI PEP 
The model-theoretic structure of abelian group rings 199 
Let us denote JJpEp Nz by X. Then x E X is an infinite sequence with values in N*. 
Now, @pep Z,- being locally finite means Q[ epcp Z,-] is regular and so can be 
expressed as r(X, uxcx Y,) where the Yx’s are fields. 
Claim 1. a[@,,, Z,-] is a ring of locally constant functions. 
Indeed, take an element f EQ[@,,p Z,=]. Then for some I = {pl, . . . , p,,)cP, 
f EQ[@~,,~ Z,=] and is therefore a locally constant function in this subring. Its 
image in F(X, UJ Sp,) is the section f defined by 
f(x) = f (X(Pl), . * * 9 X(P”)). 
If 1y1,. . .) a, is a partition of npeI NE such that f is constant on (Y~ and if r is the 
canonical projection 
7r:x= l-J BJ;-,nN;, 
PEP PSI 
then one sees immediately that f is constant on each of the ‘rr-‘(cq)‘s and the 
claim is proved. 
x(p)#o: Take an element a in U&L,). There is an f EQ[i&-] such that 
f (x(p)) = a. So f(x) = a. Therefore Q&J c .Yx- 
x(P)=w: Take I={p, pl,. . . , p,,}=P and f in Q[eq,, &,=I. Then 
f (x(p), X(Pl), . . ., x(pJ) EQ(/4J,EL.ZV +&p&J. Therefore, Sp, #Q&L,) and from 
this we conclude 9, = Q(~~)x(p)+o, pe~ and both the claim and the theorem 
follow. 
Notice, the stalk on the point 0 = (w, w, . . .) is Q. A basic clopen neighborhood 
of 0 will be of the form 
1x E X; x(p1) 2 ml, x(pJ 3 m2, . . . 7 X(P”) 3 WJ 
where m,, . . . , m, are (finite) integers. (This is just the product topology.) 
So, any neighborhood of 6 contains points x such that x(p) is finite for all p. 
Hence, any neighborhood of 6 contains points on which the stalk is Q(p). 
Now, take a rational I E Q. Then it has a square root in Q(p) (it is well known 
that JqEQ(&, i)). 
Claim 1. C!?[C13,,p Z,-] !=Vu 3v u - v2 is not invertible. 
Proof. Take any u in Q[@,,, a,=]. Then u(O) is a rational r E Q. As u is locally 
constant, u is equal to I on a clopen neighborhood 0 of 0. Take x in 6 such that 
x(p) is finite for all primes p. Then the stalk on x contains a square root of u(x), 
say y_ Take any function v such that v(x) = y. Then v’(x) - u(x) = 0, so u - v2 is 
not invertible. 
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Claim 2. If * is with respect to a nonprincipal ultrafilter on N, then 
Q*[~T~z,-]Fsv~~-~* is invertible. 
Proof. Take q = [qI, q2, . . .] a nonstandard prime of Cl* and assume JqEE*(p.). 
Then it belongs to a finite extension of Q*, say xqEQ*(p). Then it belongs to a 
finite extension of Q*, say rqEQ*(&,> where n is a standard integer. We know 
that if p is a standard prime not dividing n, then rp$Q(&,). 
Now, q being a nonstandard prime and having a square root implies there is an 
infinite subsequence of qi ‘S such that 
(a) i # j implies qi # qj, 
(b) qi is a prime, 
(c) qi has a square root in Cl!(&). 
But this clearly is impossible and so q does not have a square root in Q*(p). 
To finish the proof of the claim, take for u the constant function equal to q. 
Take any element v of a[@,,, Z,-1. By Theorems 3.18 and 6.2, as Q is 
algebraically closed in Q*, 
Then, for any x in npcP f’Vz, (u -v’)(x) = q -v’(x) # 0 because q does not have a 
square root in Q*(p). Thus, because Q*[@,,, Z,-] is regular, u - v* is invertible. 
Theorem 6.3. Q[d3,,, &,-=I +Q*[@,,, &-.I. 
ConcIuding remarks 
In this paper we never addressed the issue of decidability. Using the representa- 
tion theorems developed here together with results from [3] we easily conclude: 
Theorem. Let K be an algebraically closed field of characteristic zero and G an 
abelian group. Then the theory of K[G] is decidable if and only if G has no 
elements of infinite order. 
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